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n(v)=["e'e"dr, T(v+1)=2(v), T(1)=1, T(/2)=Vz:[ e de=r.
C h h e me m, u NA kB
3.0x10%m/s | 6.63x103*Js | 1.05x10% s | 1.6x107°C | 9.11x10% kg |  939.565 931.494 | 6.02x10% | 8.617x107
1.24x10%V -nm/c 0.511MeV/c? | MeV/c? MeV/c? mol™! eV/K
Quark Charge Soi Baryon Strangeness
mn
symbol number P number
Quantum numbers of three quarks:
u 2/3 1/2 1/3 0
d -1/3 1/2 1/3 0
s -1/3 1/2 1/3 -1

Select five out of the following six problems.

1.(20 pts.) If the electron of a hydrogen atom is replaced by a tau (7 ) lepton, a hydrogen tau atom is formed. The

rest mass of tau lepton is m_ =1777.05 MeV/c”.

(a) Find the reduced mass for the relative motion of the tau ( 7 ) lepton and the proton in the hydrogen tau atom.
(b) By applying the Bohr’s quantization rule, find the first Bohr’s radius ajand the energy levels E, of the

hydrogen tau atom.
Solution: (a) The reduced mass is

_mm,
m_+m,
(b)
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2. (20 pts.) The « decay process of a ¥ U (Uranium-238) nucleus is
U->*Th+*He + 0 ..

It is known that the decay energy (Q — value) of the process is 4.27 MeV . Here we assume that mother nucleus *** U
is initially at rest.

(a) Find the kinetic energy of the emitting ¢« particle (4 He (Helium-4) nucleus).

(b) Find the kinetic energy of the recoiling daughter **Th (Thorium-234) nucleus.

Solution: (a)

2 2
P,
P =P, En=E,, Ey :ﬁa E, =—*
2my, 2m,
- E,=2ep.
mry,
O=E,+E,
= Q:(H o an
My,
= E — Q — mTh
14 My m,
My
E = 234 x4.26MeV =4.188MeV.
234 +4
(b) E, =0-E =426MeV —-4.188MeV =0.072MeV.

3. (20 pts.) For each of the following reactions, identify it as allowed or forbidden. If it is forbidden, state at least one
conservation law that is violated. If it is allowed, state the main interaction the reaction is mediated.

allowed/forbidden | violated conservation law/main interaction

@ p+p—op+p+K +K"~

(a) allowed strong interaction
_ + + _

®) p+K- -2 +n+7" +7 (b) forbidden The baryon number is not conserved.

(© 7" +p—>K"+Z" (c) allowed strong interaction

(d) ‘7,, +p—>u +n (d) allowed weak interaction

() p+tp—>p+n+K* (e) forbidden The strangeness is not conserved. (It should

be a strong interaction.)
O K >z +7° (f) allowed weak interaction
+ + llowed k interacti
(g K' > u + V., (g) allowe weak interaction

The quark combinations of relevant hadrons:
p—uud n—-udd X" —uus K"'—us K -su 7" —-ud 7= —-du
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4. (20 pts.) The electronic stationary wave function of a hydrogen atom at its ground state can be written in the form
y(r)=Ce"'™

where 7 is the radial distance in the spherical coordinates, a,the Bohr radius and C the normalization coefficient
to be determined.

(a) Determine the normalization coefficient C in terms ofa,,.

(b) Find the corresponding radial probability density w(7) .

(c) Calculate the most probable radius 7, and the average radius <r> of the electron.

Solution: (a) From
2r

u

% % w“ 30
I:J-|y/(r)|247zr2dr :|C|247z'|-r2672’/“°dr = |C|247z(070j J-uze_”du =|C|247z(a70j F(3):|C|27rag,
0 0

0
we obtain C= 1/ \/53 .

2 2
®  wdr =) aridr = e ()= 2
a, a,

2
(c) From cé—w = & + 4L(— iﬂew“" =0, we have.

3 3
ro|la, a; a,

= 1—Lj:o:> r=0, r=a,.
a, ay

It can be checked that the maximum probability isat 7, =a,. (w(r=0)=0.)

2r

7 4% 3 e @ a(a))'F L L a 3
<r>:£w(r)dr=—£r3e 2l gy = —(7()) Iu3e du :TOF(4)=EaO.

3 3
a, a, 0

5. (20 pts.) A particle of mass 7 moves in a one-dimensional infinite potential well

0, O<x<a,

+o0, x<0 orx=>a,

U(x)z{

where a > 0 is the width of the well. There is a normalized wave function

3 /2 . ot 2 ) o
w(x,t)= g\/;SIH(klx)e +A\/;s1n(k2x)e , 0<x<a,

0, x<0 or x=>a,

where k, =7x/a, k, =2rx/a, o, =hk} /(Zm), w, = hk; /(2m) and A is a constant to be determined.

(a) Verify that the wave function satisfies the Schrodinger equation and the boundary conditions for the potential
well.

(b) Determine the constant A4 .

(c) Find the corresponding probability density p(x,) of the particle.

(d) Find the average position <x> of the particle as the function of time ¢ .

Solution: (a)
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e, L 03 ]2 . . 2 . .
zhal//(x,t) = zha{g‘/; sin (k,x)exp(—ieyt)+ A4 /; sm(kzx)exp(—za)zt)}
312 . . 2 . .
=hao, 3 |= sin (kx)exp (—iayt) + ha,A,|= sin (k,x)exp(—iw,t).
a a

n d’ nd> |3 ) 2 . )
_ﬂ@l/j(x’t :—Z—J{S\/ism(kx)exp( za)lt)+A\/;sm(kzx)exp(—za)zt)}

K3 k2

2 . nk 2 . .
Syl |= sin (k,x)exp(—iot)+ . A‘/;sm(kzx)exp(—za)zt)
3 /2. . 2 . .
=hao, 3 |= sin (kx)exp(—iayt) + ha,A,|= sin (k,x)exp(—iw,t).

a a

2 2

0 nd
=  ih—w(x,t)=———w(x,0). 3pts
i atw(x ) 2mdx2w(x ) [3pts]

w(x,1) |x_0=%\/Zsin(klO)exp(—ia)1 )+A\/§sm(k 0)exp(—iw,t) =0,
a
3 /2. . 2 . .
w(x,t)|,_,= g\/:sm(kla)exp(—za)lt)+ A\/: sin (k,a ) exp (—iw,t)
a a

32 . . 2 . (2 .
:g\/gsm(%a]exp(—za)lt)+A\/;sm(%ajexp(—za)zt)

=0.
(b)
1=[lynf dv= ju/ (o Oy (x,0)de
:j{——sm kx)+A4° Esm (kzx)+%zAsin(klx)sin(kzx)[exp(i(a)l—a)z)t)+exp(—i(a)l—a)z)t)ﬂdx
o a a
=i+A2 A—4
25 5
(c)

v(x,t)= %\/z sin (klx) exp (—ia)lt) + ; \/z sin (k2x) exp(—ia)zt) ,
a a

p(x,0) =y (x, 0y (x,1)

92 . 162 . 122 . . . .
= —stmz (kx)+ Egsmz (kyx) T (kx)sin (kzx)[exp(z(a)1 —w,)t)+exp(—i(w — a)z)t)]

= —8asin2 (kx)+ % sin’ (k,x)+ 2458a sin (k,x)sin (k,x)cos((o —w,)t).

T 64
(d) <x>:ixp(x,t)dxzﬁ—#cos[(a)l —a)z)t].



6.(20 pts.) Consider a gas of N extremely relativistic spin- l/ 2 fermions that are confined in a volume ).

energy-momentum relation of the fermions is & = pc.

(a) Find the density of states (i.e., the number of quantum states per unit energy interval) of the system.
(b) Find the Fermi energy FE . of the system.

(c) Show that the total energy of the systemat 7" =0 Kis (3/ 4)NE F-

Solution: (a)

Az* dk k*dk p’dp V
& T =2 = 2.3 2 33‘92d‘9:D(8)d8'
2 2 T°h T°hc
L
The density of states is D(E) = _r g
zhc’
(b) Form
o0 V Ep V
N =|0(s-E,)D(e)de =———— | e’de = E}.
'([ ( r)D(e) ﬂ2h3c3-([ 3zt
1
2 3
we obtain  E,. zch(?’” NJ .
4 1 1
*ﬂk; 3 247\3 247\3
k 3 3
[N:gs3 =y = k=3ﬂN ,EcmhkF:ch3ﬂN ]
2 V V

(c) The total energy is

Ep

i V
E :£59(5—EF)D(5)d5 = Ig3dg =

0

Voo, 3V

3
—F == F. - E.==NE.
Ar’h’c? 4377 T 4 r
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