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Midterm Examination
Kuang Yaming Honors School, Nanjing University
Select five out of following six problems.

1. (20pts.) The electric potential of a spherically symmetric charge distribution is given by

e
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where & is the dielectric constant of the vacuum, r = |r| and ris the position vector, and ¢ and « are constants.

(2) Find the corresponding electric field E (r)everywhere except the point » =0 .

(b) What is the electric charge enclosed in a sphere of radius R centered at 7 =0 ? What is the total charge of the charge
distribution?

(c) Find the electric charge density p(r) everywhere except the point » =0.

(d) There is a point charge at the center of the distribution. Find the charge quantity of the point charge.

(Hint: In the spherical coordinates, grad(g) = Z—(D + 18_(0 + ! 8¢
r
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Solution: (a)
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(b) Using the Gauss’s law, the charge enclosed by the sphere is
1
. = 505515 -dS = Es,E(R)47mR* = qR(R + aj =q(1+aR)e ™.

The total charge of the distribution is
Qtotal ll)m QR =0.

(c) Using the Gauss’s law in differential form, we have
i@[rzE(r)] -4 2[(1+05r)e"’”]
: 4m* or
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p(r)y=¢,V-E =¢g,divE =g,
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(d) Using the result of (c), we obtain

0., = Tp(r)47z7fzdr = —qaZTre“’dr = —the’dt = thd(e’): gte™
0 0 0 0

Thus

~+00 2 _t . .
. —qb[e dt=0-¢g=—q.

onint = Qtotal - Qr¢0 =d.



2.(20pts.) There is an infinite sheet of uniform areal charge density o located at the plane z = 0 in the space. The upper half space
z >0 is filled with dielectrics of permittivity (or dielectric constant) &, and the lower half space z < 0 is filled with dielectrics of
permittivity £, .

() Find the electric displacement D in both upper half (z > 0) and lower half (z < 0) spaces.

(b) What is the electric field E in both upper half (z > 0 ) and lower half (z < 0) spaces?

Solution: (a) Making a cylindrical Gaussian surface of base area A and placing it so that the charged sheet is centered
inside the cylinder. By using the Gauss’s law for electric displacement, we have

2DA = oA orDZ%. T
Thus & D
gez, z>0,
D=, 2 o
o
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(b) The electric field is
i.ez, z>0,
E - 2¢,
—ie z<0.
2¢,

3. (20pts.) There are two concentric conducting spherical shells of radii 7, and r, (7, <r,) respectively. The inner shell
of radius 7, carries an electric charge ¢ and the outer shell of radius 7, carries an electric charge — ¢ .
(a) What is the self-energy U, of the electric charge distributed on the inner shell only?

(b) What is the self-energy U, of the electric charge distributed on the outer shell only?

(c) What is the interaction energy between the charges on the two shells? What is the total electric potential energy of the
system?

(d) Find the electric capacitance of the configuration of two conducting shells through the expression of the total electric
potential energy obtained in (c).

(Hint: Here the self-energy is the potential energy of a charge distribution in the electric potential produced by the charge
distribution itself. The energy is actually located in the electric field produced by the electric charge distribution and can be
calculated by integral of the energy density of the electric field.)

Solution: (a) With the electric charge distributed on the inner shell only, the electric field is

0, r<r,
= e
E, c > r<n
dre, r '
Thus, the energy density of the electric field in the space is
0, r<r,
&
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The self-energy is then
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(b) With the electric charge distributed on the outer shell only, the electric field is

0, r<r,,
= e
Ey=y_ 4 & r<r,
dre, r '
Thus, the energy density of the electric field in the space is
0, r<r,,
&
u,=—E, E,= q’ 1
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The self-energy is then
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(c) The total electric fieldis E = E, + E , and the total energy density is

”:g_zoE'E:%)(El +E,)-(E, +E2):%)E1 E, +870E2 E, +&,E, - E,

=u, +u, +,E, - E,.

The last term in the about equation is due to the interaction of two charge. Thus

u, =&E -E,.
And
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The total electric potential energy is
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d) Using U =——, we have
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4. (20pts.) An infinite long cylindrical conductor of radius a whose axis is coincident with the z-axis carries an electric
current [ that flows in the positive z-direction and its current density is uniform across the cross-section.
(a) Show that the magnetic induction B at cylindrical polar coordinates (0,@,z) within the conductor (p < a)can be
written as 4
My Ip  py
B = 7€, =
2 ma’ 2 m

where p=pe,, and e,, e, and e_are 3 orthogonal unit vectors (bases) of cylindrical

a

coordinates.
(b)There is an infinite long cylindrical cavity of radius b (b <a)in the cylindrical
conductor and the axis of the cavity that is parallel to the z-axis is located at p = de . Given

\C <
S

that the electric current density across the cross-section with a hole is just the same as the electric current density across the
hole-less cross-section in (a), show that the magnetic induction within the cavity is

Bﬁ[d
2 m’ 4

Solution: (a) Making a loop L of radius p < a that is concentric with the cylindrical
conductor. By using Ampere’s circuital law, we have

r .,
ifLB-dl =27pB; = 1y — 7p". \\
Thus

1, 1,
B¢ — ILIO pz or B ILIO p

2 m 2 ma’
In cylindrical coordinators, we have

ga

&

e,.

e, xe,=e, (p, @ and z form a right-handed coordinate system ).
A cyclic permutation gives

e, =e xe,.
Thus



(b) The existence of the cavity in the cylindrical conductor is equivalent to imposing an electric current with equal current
density but opposite in direction in the cavity region. The magnetic field produced by the opposite electric current in the
cavity region can be written as

Bt
2 m’
where p’= p'e , and p'is the axial distance from the symmetric axis of the cavity. Thus
1 1 1d
By =B+B =P e x(p-p) =t e xde, =T e,
2 2 ma 2 ma

Spherical (Polar) Coodinates (7,8, @)
r : radial distance or radial coordinate
0 : polar angle or zenith

@ : azimuth or azimuthal angle

Cylindrical (Polar) Coordinates (0,4, z)
p :axial distance or radial distance

@ :azimuth or azimuthal angle

z :axial coordinate or height

5. (20pts.) Suppose, according to Dirac’s hypothesis, there are two magnetic monopoles with magnetic charges gand 2g
(g > 0) that are distributed at x =—a and x =a on the x-axis, respectively. A magnetic dipole of moment m = me _is
placed at the originr = 0.

(a) What is the magnetic field B (x, V, Z) produced by the two magnetic monopoles?

(b) What is potential energy of the dipole in the field of the two monopoles?

(c) What is the force F acted on the dipole?
Solution: (a) The magnetic field is
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(b) The magnetic field at the origin is

B(O O 0)_ IuOg ae 2Iu0g (_aex):_ /uog e

Ar & dr o Ama®

The potential energy of the dipole is

U =—m-B(0,0,0)= 252
4ma

(c) If the dipole is placed at the coordinates (x, y, z) , the potential energy is
U=-m 'B(xayaz)

_ Ho8m x+a _ 2p,gm xX—a
Y : 4 3
[x+a +y2+22F [ Y +y 4z F
Thus, the force acted on the dipole
F = o _v e,
ax x=y=z=0
_ Hygm 1 B 3(x+a)’ N 2 B 6(x —a)’ .
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6. (20pts.) A monochrome plane electromagnetic wave in free space (i.e., in the vacuum) can be expressed as
E — Eoei(k~r—{ut) , B — Boei(k-r—a)t)

where @ = c|k| =ck and cis the speed of light in the vacuum.

(a) Show, by applying Maxwell equations, that
2

E=-SkxB.
[0

(b) In free space, there are two travelling electromagnetic waves whose magnetic fields are
Bl — Aeyet(kl.r—wt) , Bz — Aeyel(kz»r—a)t)

where A is a constant, k, = k(sin Ge +cos l9ez) and k, = k(— sinfe -+ cosbe, ) What are the corresponding
electric fields? What is the Poynting vector (energy current density) of the resultant wave?

(c) What is the energy passing through the plane z = 0 per unit area per unit time?

Solution: Maxwell equations in free space (p =0, j =0) are

V-E=0; V-B=0; Vsz—a—B; VXBzé‘O,uoa—E.
ot ot
For the monochrome plane electromagnetic wave, we have
aE a . a i(k-r—at) .
E — E[Eoez(kr—wt) ] _ EO [e - ] — _ia)[Eoez(kr—(ut) ] =—iwE ,

and
VxB=Vx [Boei(k-r—wt)]: v[ei(k-r—wt)]x BO — l-kei(k-r—wt) > Bo =ik % Boei(kr—(ut) =ikxB.

( Vx(fo)=(Vxflo+(Vo)x f.

ik-r
Vel” = —8(,6 )V(ik-i’)= ie""V(k-r)= ike™
8(zk-r)

V(k-r)z(exi+e
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Substituting above two results into the fourth equation, we have

i+ e. %j(kxx +hk,y+ kzz): ke +ke, tke =k )

2
ikx B =g,u(~io,E)=—i2E or E=—"—kxB,
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(c) Using the result of (a), the corresponding electric fields are
2

2 2
c c e ope cky,. _—
E, =——k xB = —A—(kl xe )el(k‘r “ = 4~ (sin e, —cosbe, e "
@ @ g @

= —cA(sin Ge. —cos e, )e" """,
c’ c’ ; c’k ;
E,=——k,xB, = —A—(k2 xe, )e’(kz"””’) = —A——(~sinfe. —cosbe, e ™"
@ @ @
= cA(sin Ge_ + cos e, Je' """
The actual resultant electric and magnetic fields are
Re(E, + E,) = cA(cosfe, —sin Ge_ )cos(k, - ¥ — ot) + cA(cos Ge, +sinGe_ cos(k, - ¥ — o),
Re(B, + B,)= Ae, cos(k, -r —ot)+ Ae  cos(k, -r —ar).

The Poynting vector is
S = iRe(El +E,)xRe(B, + B,)
Hy
2 2
= i(cos Ge. —sinbe_)cos® (k, -r —ar) + i(cos Ge_ +sinbe_)cos’(k, - r — ar)
Hy Hy
2
+ cos@e_cos(k, -r —at)cos(k, -r —at).

Hy
(d) The energy passing through the plane z = 0 per unit area per unit time is given by



I=S-e,

z=0
cA” cos 6 [cosz (k,-r—ot)+ cosz(k2 -r—ot)+2cosBe_ cos(k, -r—awt)cos(k, -r— a)t)]z:()
= 1
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