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Physical Constants
Electron charge e=1.60x10""C
Dielectric constant of free space £, =8.85x 107 F/m
0 S
Permeability of free space U, =4rx107 N/A?
Vacuum speed of light c=3.00x10%m/s
Electron mass m, =9.11x107" kg
Proton mass m =1.67x107"% kg
Electron volt  (eV) 1ev=1.60x107"J

Select five out of following six problems.

1 (20pts). A nonconducting sphere of radius R carries a uniform
charge per unit volume O . Let r be the vector from the center of the
sphere to a point P .

(a) Show that the electric field at Pis given by E=p0 r / 3 &, when

the point P is within the sphere.
(b) Show that the electric field at P is given by

E = pR’r / 3 €0r3 when the point P is outside the sphere.

(c) A spherical cavity is created in the sphere, as shown in the

accompanying figure. In this case, show that the electric field at all

points within the cavity is £ =p0 a / 3 &, (uniform field), where @ is the vector connecting the
center of the charged sphere and the center of the cavity.

Solution: (a) Making a spherical surface of radius 7 < R that is concentric to the charged sphere as
the Gaussian surface, we have

504m2-E=§m3p or E=p r/3¢,.

It can be written in the vector formas E = p r / 3¢,.

(b) Making a spherical surface of radius r > R that is concentric to the charged sphere as the
Gaussian surface, we have

E,4m” - E = %ERS,O or E=pR*/3e,r’.

It can be written in the vector form as E = pR’r / 3g,r”.

(c) Creating a spherical cavity in the sphere is equivalent to impose a sphere with equal and
opposite charge density in the nonconducting sphere. The field produced by the imposed sphere
(inside the sphere) is then E'=—p r// 3&,, where r’=r —a. By using the principle of
superposition, the resultant electric field inside the cavity is

E=pr/3e,+E' =pr/3e,—pr/3c=pal3e,.



2.(20pts). A uniformly charged rod of length L with linear charge density A is placed on the
z-axis from z=-L/2 to z=L/2.

(a) Obtain the electrical potential v (x, y)for any point on the x-y plane.

(b) What would you expect the potential to be for /x* + y? >>L?

(c) What is the electric field in the x-y plane in the limit that /2 + y2 << L?

Solution: (a) The electrical potential produced by the charge in the element dz at point (x,y)

on the x-y plane can be written as
1 Adz

4ney \[x* +y* + 27
Thus, the resultant potential is
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That is the potential of a point charge at the origin.

(c) Noting that the z-component of electric field produced by the charge element at Z cancels
with the z-component of electric field produced by the charge element at— z , the nonzero
component of the electric field is within the x-y plane. We therefore have

dE, = dEcosf = 1 M L where pzm.
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V(x, y) -

The total field is
E,= jdEp ==

In the case of p << L, we have
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1
E, = =— 2
" Ane, p 24 27mE, p

That is the field of a uniformly charged infinite rectilinear wire.

3. (20pts). Two long wires, one of which has a semicircular bend of radiusR, are |

positioned as shown in the accompanying figure. Both wires carry a current / . ,

(a) How far apart must they be so that the resultant magnetic field at the point P

is zero? GR_ o

(b) Does the current in the straight wire flow up or down?

Solution: The field produced by the current on the semicircular bend at the point P

is B, =u,l / 4R The direction of the field is into the paper. Assuming the a

separation between to wire isd , the field produced by the current on the straight '
wireatPis B, = u,1 / 27 . Because the two fields cancel each other, we have

UL /AR = u 1 /270d or d =2R.
T
(b) It flows upward.




4.(20pts). A circular wire loop of radius r falls under the influence of gravity and in the presence
of a magnetic field given by

B=B,(+aze, —“B#pe

A

¥4

0

in the cylindrical coordinates, here ais a constant. The loop remains horizontal

while falling. The wire has the mass m and the resistance of the loopis R . ( >

(a) Find the induced emf in the loop when the loop falls down with the velocity v.

(b) Assuming thata > O, determine the direction of the induced current. Explain.
mgR

(c) Show that the terminal velocity of the loopis v, = ——=——-.
a'Bym’r

Solution: (a) The emf is

E= _dCDm _ _d(BZﬂTZ) _
dt dt
(b) When a > 0, as the loop falls down, the flux through it decreases. Then the induced current
must produce a field that is in the same direction of the applied field. Thus, the field produced by
the current is upward and the induced current on the loop flows counter-clockwise.
The magnitude of the induced current is

IZEZB()LZC‘V.
R R

(c) The magnetic force acted on a current element of the loop is

dz
—-Bmrla—=B m’ayv.
0 dt 0

B
dF =ldle,xB=1dle, >{BO(1+az)eZ - azorep}

z*

IaB
= IB, (1 + az)dle,, + “2“ dle

The first term cancels after the integration. Thus the resultant force is
laB,r B a’Bim’ry

F = 2mr

The terminal velocity is reached when the gravity and the magnetic force are balanced. Therefore
a’Bim’rty, mgR
e —— mg or Vt = m .
R a’Byr’r

5. (20pts). A CD (thin insulating disk with a hole in the middle, inner radius @, out radius b ) spins
counter-clockwise in the x-y plane with angular velocity @ . The mass of the CD disk is # . A total
charge Q is distributed uniformly on the surface of the disk.

(a) Find the magnetic moment of the spinning disk.

(b) Suppose a uniform magnetic field B is applied in the y-direction. What is the angular velocity with

which the disk will precess?
Solution: (a) The area charge density is

The magnetic moment is
b w
u=[owpdp-7p* =2 (b" ~a*)="2 (b Cat) 2 QP p2)or oy =220 4 a7,
) 4 4 z 4 4
(b) The moment of inertia of the disk is
b
m 2 _mM( 2
=——|27m0dp-p° =—1\b" +a

a



And the angular momentum is 7 = jo = ﬂ(bz +a? )a)e . Thus, the gyromagnetic ratio is
) z

_k_Q
4 L 2m
For the case that the magnetic field is applied along the y-direction, the torque acted on the disk is
M=uxB.

The equation of the motion is then

f{—LzM =uxXB=yYxB=-yBXL
t
Therefore, the angular velocity of precession is
0 =— = —ﬁe .
2m

6. (20pts) A circular parallel-plate capacitor of radius R and plate separationd is connected to a
source of potential difference V =V, cos @r .The edge effects can be ignored since d << R.

(a) Find the electric field inside the capacitor and the area densities of the electric charge on the
plates as a function of time.

(b) Find the magnetic field inside the capacitor as a function of time and the distance to the axis of
the plate.

(c) Find the electromagnetic field energy flow density (the Poynting vector) through the lateral
surface of the capacitor.

Solution: (a) Ignoring the edge effects, the electric field inside the capacitor is

EZ = —% = —V%cosa)t.

And the area densities on the upper and lower plates are
&V,
o=1¢,E = i%coswf .

(b) Making a circular path of radius 0 < Rthat is concentric with the circular capacitor, the
Ampere-Maxwell equation gives

0E.  uy&ymp*V,@
ot

(c) The Poynting vector at the lateral surface is
(ExB )p:R _ £,Vy WR
Hy d’

sinawt or B :Msina)t.
¢ 2d

270B,, = 1€, 70"

sin 2axe o



