VECTOR IDENTITIES*

Notation: f, g, are scalars; A, B, etc., are vectors; T is a tensor; | is the unit
dyad.

() ABXC=AXxB-C=B-CxA=BxC-A=C-AxB=CxA-B
2)Ax(BxC)=(CxB)xA=(A-C)B—-(A-B)C
B)AX(BxC)+BXx(CxA)+Cx(AxB)=0

(4) (AxB)-(CxD)=(A-C)(B-D)— (A-D)(B-C)
B)(AxB)x(CxD)=(AxB-D)C-(AxB-C)D

(6) V(fg9) =V(gf) = fVg+gVf

(N V-(fA)=fV-A+A.-Vf

(8) VX (fA)=fVXA+VfXA

9 V-(AxB)=B-VYXxXA-A-VxB

(10) VX (AxB)=A(V-B)—-B(V-A)+(B-V)A—-(A-V)B
(11) Ax(VxB)=(VB)-A—-(A-V)B

(12) V(A-B)=AXx(VxB)+Bx (VXA)+(A-V) B+ (B:-V)A
(13) V2f =V -Vf

(14) VZA=V(V-A) -V xVxA

(15) VXVf=0

(16) V-V X A =0

If e, ez, e3 are orthonormal unit vectors, a second-order tensor T can be
written in the dyadic form

(17) T = le T;je;e;
In cartesian coordinates the divergence of a tensor is a vector with components
(18) (V-T); = Zj(aTji/afﬂj)
[This definition is required for consistency with Eq. (29)]. In general
(199 V-(AB)=(V-A) B+ (A-V)B
(20) V- (fT)=Vf-T+fV-T



Let r = ix + jy + kz be the radius vector of magnitude r, from the origin to
the point x,y, z. Then

(21) V-r =3

(22) VXr=0

(23) Vr =1/r

(24) V(1/7r) = —r /73
(25) V - (r/r®) = 4mwé(r)
(26) Vr =/

If V' is a volume enclosed by a surface S and dS = ndS, where n is the unit
normal outward from V,

(27)/dVVf:/de

v s

dVV-A:/dS-A
S

dVV-T:/dS-T
s

dVVxA:/deA
S

dV (Vg —gV>f) :/dS-(ng—gi)

S

(28)
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(32) dV(A- VXV xB-B-VxVxA)

— T T T

:/dS-(BxVxA—AxVxB)
S

If S is an open surface bounded by the contour C, of which the line element is
dl,

(33) /deij{dlf
S C
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DIFFERENTIAL OPERATORS IN
CURVILINEAR COORDINATES?®

Cylindrical Coordinates

Divergence

10 1 0A, 0A,
V-A=-—(rA, -
r(?r(r )+r 10J0) + 0z
Gradient
of 10f of
V)r =—; v = —— V). =—
(V=G (Fhe=1500 (VD=3
Curl
1 0A, 0A
(VX A) == _ =2
r 0¢ 0z
0A, 0A,
VXA, = —
(VX Ag 0z or
10 1 0A,
VXA), =—-—(rAy) — —
(VX A) Tar(r 2 r O0¢
Laplacian
19 of 1 9%f 8%f
Vif=2-— — —_
/ r Or (Tar) +r2 02 + 0z2



Laplacian of a vector

2 0A, A,
VZA), =V?A, - =2 _ T
( ) r2 0¢ r?2
2 0A, Ay

(V2A)y = V2A, + =

(V2A), = V?A,

Components of (A - V)B

0B, Ay OB, 0B, AyBgy
A -VB).=A, A, —
( ) or + r 0¢ + 0z r
8B¢ A¢ 8B¢ 8B¢ A¢BT
A. * VB — A'r’ AZ
( )o or + r  O0¢ + 0z + T
(A-VB), = A, + 22 ==
or r 0¢ 0z
Divergence of a tensor
10 1 0Ty, oT,, Tye
V- T r — — = Trr - -
( ) r Or (r )+ r O0¢ 0z r
1 0Ty n oT T

10
(V-T)g = o (rTrg) + —

(oJo) 0z
V- T z = — Trz -
( ) r Or (r )+ r O0¢ + 0z

r



Spherical Coordinates

Divergence
V-A=——(1r"A, — (sinf A —
r2 Or (r )+ rsin 6 00 (sin6Aq) + rsinf 9¢
Gradient
of 10f 1 9f
Vi)r= 5= (Vfle=—-—-% (Vf)o = —— =
(V1) or (Vo r 00 (V1o rsin 6 0¢
Curl
1 0 1  0Ag
VXA),,=————(sinfAy) — —
(Vxa) rsin 6 00 (sin 044) rsinf O0¢
1 0A, 10
V X A)g = ———(rA
(V' x Ao rsinf 0¢ r Or (rds)

10 1 0A,
VXA, =——(rAg) — —
(VX Ay Tar(r o) r 00

Laplacian

2
v2f=i3<r2ﬁ)+ ! i(sineﬁ)—l— L9

r2 Or or r2sin 6 00 r2sin? 0 9¢2

Q

Laplacian of a vector

2A, 2 0Ag 2cot 0 Ay 2  0A,
VA), =V3A, - = - = - -
( ) 72 r2 00 72 r2sinf O¢
2 0A, Ag 2cos 0Ay
V?A)g =V?A4p + = — -
( Jo ot r2 06 r2sin?6 r2sin?260 9¢
Ag 2 0A, 2cosf 0Ap

(V?A), = V?A, —

r2sin? 0 + r2sinf O¢ + r2sin?260 0¢



Components of (A - V)B
0B, Ag 0B, A¢ 0B, AgBg + A¢B¢

or r 00 rsinf O0¢ r

(A-VB), = A,

839 AQ 839 A¢ 839 AQBT» cot 9A¢B¢
A -VB)y=A,—2 + 2 _
( Jo or + r 00 + rsinf 0¢ + T T

8B¢ + ﬁ 8B¢ A¢ 8B¢ A¢Br + cot 9A¢B9

A-VB), = A,
( o or r 00 rsinf O¢ + r r
Divergence of a tensor
1 0, 5 1 0
V-T)y=——"T, ——— —(sin 0Ty,
( ) r2 8T(T )+Tsin989(sm or)
+ 1 8T¢7~ . TQG + T¢¢
rsinf 0¢ T
1 0 1 0
V- -T)y=—=— (T, — (sin 6T,
( )o r2 or (r"Tro) + rsin 6 00 (sin 0T50)
n 1 8T¢9 To, cot 9T¢¢
rsinf O0¢ r r
1 0,6 5 0
V- -T)y=——("T, — (sin 6T
( Jo r2 Or (r"Tre) + rsin 6 00 (sin 6T54)

1 8T¢¢ Tqﬁr cot 9T¢9
+Tsin9 oo + r + r




