
�È©II£1��g¤Ï¥Áò(2018.5.5)

�!O�e��K£5©×12 = 60©¤

1. ¦4�: lim
x→0
y→0

sin(x2y3)

ln(1 + x4 + y4)
.

2. � z = f(x2 − y2, exy), Ù¥ fäk��ëY �ê§¦
∂z

∂x
,
∂z

∂y
.

3. �d�§F (xy,
z

y
) = 0(½¼ê z = z(x, y), Ù¥F (u, v)��ëY���F ′u 6= 0, ¦

∂z

∂x
,
∂z

∂y
.

4. ¦­¡
√
x+ 2

√
y + 3

√
z = 63 (1, 1, 1)?��²¡.

5. ¦¼ê f(x, y) = x4 + y4 − (x+ y)2�¤k7:§¿�ä´Ä��4�.

6. ¼ê f(x, y, z) = xyz + ln(xyz)3: (2, 1, 1)?÷�o������ê�����º

7. ��\gÈ© I1 =

ˆ 1

0
dx

ˆ 1+
√

1−x2

x
f(x, y) dy�gS.

8. ¦�­È© I2 =

¨

D

(|x|+ |y|) dx dy, Ù¥D = {(x, y)|x2 + y2 ≤ 1.

9. � f(x)3 [0, 1]þëY§¿�

ˆ 1

0
f(x) dx = A, ¦ I3 =

ˆ 1

0
dx

ˆ 1

x
f(x)f(y) dy.

10. ¦1�a­�È© I4 =

ˆ
C

(x+ y) ds,Ù¥C�VÝ� (x2 + y2)2 = 2(x2 − y2)�m�©|.

11. ¦1�a­�È© I5 =

ˆ
C

(y−z) dx+(z−x) dy+(x−y)dz,Ù¥C �¥¡x2 +y2 +z2 = 1�

²¡ y = x tanβ (0 < β <
π

2
) ���§lx¶��w�´_����.

12. y²µ(2x cos y+y2 cosx) dx+ (2y sinx−x2 sin y) dy3��xOy²¡þ´,�¼ê���©§

¿¦Ñ§����¼ê.

�!£8©¤?Ø¼ê f(x, y) =


(x+ y) ln(1 + xy)

x2 + y2
, (x, y) 6= (0, 0),

0, (x, y) = (0, 0)
3: (0, 0)?�ëY5!�

 �5!±9��5§

n!£8©¤3ý��Ô¡ z =
x2

a2
+
y2

b2
(a > 0, b > 0)9²¡ z = 1¤�¤�«�Si\����N§

�k�¡3 z = 1þ§¦d��NNÈ����.

o!£8©¤O�È© I6 =

˚

Ω

(y + z)2dxdydz, Ù¥Ω�¥Nx2 + y2 + z2 ≤ 2x.

Ê!£8©¤¦­¡ (2x+ 3y)2 + (2y + 3z)2 + (2z + 3x)2 = 1¤�áNNÈ.

8!£8©¤�D�ü^�� y = x, y = 4xÚü^V­�xy = 1, xy = 4¤�¤�4«�§F (u)´ë

Y��¼ê§C´4«�D�>.§���. P f(u) = F ′(u), y²µ

I7 =

ˆ
C

F (xy)

y
dy = ln 2

ˆ 4

1
f(u)du.
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�È© II (1��g)Ï¥Áò (2019.4.27)

�!O�e��K£zK6©§�48©¤

1. O�4� I1 = lim
x→0
y→0

ex
2+y3 − ex

2 − ey
3

+ 1

tan(x4 + y4)
.

2. �¼ê z = f
(
xy, yg(x)

)
, ¼ê fäk��ëY �ê, ¼ê g(x)���3x = 1?��4

� g(1) = 1. ¦
∂2z

∂x∂y

∣∣∣
(x,y)=(1,1)

.

3. ¦¼êu = x2 + eyz + sin(z − x)3: (1,−2, 1)?÷~l = (2, 1, 1)����ê.

4. � f(x, y)´ëY¼ê§�� I2 =

ˆ 1

0
dy

ˆ 1−y

−
√

1−y2

f(x, y)dx�È©^S.

5. O�­�È© I3 =

˛

C

(ex sin y+ arcsin
(x− 1)2

2
)dx+ (x+ ex cos y+ ln(y4 + 2))dy, Ù¥C��

±x2 + y2 = 2x, _����.

6. �«�D = {(x, y) | x2 + y2 ≤ 1, x ≥ 0}, O��­È© I4 =

¨

D

2 + xy

1 + x2 + y2
dxdy.

7. O��Î¡x2 + y2 = 2x��I¡x2 + y2 = z2¤�e�Ü©­¡�¡ÈS.

8. ¦ f(x, y) = 4x2 + 6xy + y33m«�D = {(x, y)|4x2 + 9y2 < 36}S�4�.

�!£12©¤?Ø¼ê f(x, y) =


xy tan(x+ y)

x2 + y2
, (x, y) 6= (0, 0)

0, (x, y) = (0, 0)
3: (0, 0)?�ëY5!� 

�59��5.

n!£10©¤¦þ�ý¥
x2

a2
+
y2

b2
+
z2

c2
≤ 1 (z ≥ 0)S�IO��N���NÈ, Ù¥ a, b, c > 0. (5µ

ùp�IO��N´��¡²1u,�I²¡���N)

o!(10©) �Ω = {(x, y, z) | x
2

a2
+
y2

b2
+
z2

c2
≤ 1}, O�n­È© I5 =

˚

Ω

x2dxdydz.

Ê!(10©) ®��m­�C�

{
x2 + y2 = z2

(x2 + y2)2 = x2 − y2
(z ≥ 0), ¦­�È©I6 =

ˆ
C
z3 ds.

8!(10©) 1. y²: I7 =

ˆ 1

0
dy

ˆ 1

0

x− y
(x+ y)3

dx = −1

2
.

2. y²: I8 =

ˆ 1

0
dx

ˆ 1

0

x− y
(x+ y)3

dy =
1

2
.

3. éuþ¡ü�È©�Ø��§�Ñ\gC�w{.
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�È© II (1��g)Ï¥Áò (2021.4.24)

�!O�e��K£zK6©§�30©¤

1. ¦­¡x2 − xy − 8x+ z + 5 = 03: (2,−3, 1)?��²¡�{��§.

2. ¦4� lim
(x,y)→(0,0)

xy(x+ y)

x2 + y2
.

3. �¼ê z = z(x, y)d�§ z = e2x−3z + 2y(½§¦ 3
∂z

∂x
+
∂z

∂y
.

4. � z = f(xy,
x

y
,
y

x
), Ù¥ f��ëY��§¦

∂2z

∂x∂y
.

5. ¼êu = arctan(x2 + 2y + z)3: (1, 0, 2)?÷��
−→
l = (1, 2, 3)����ê.

�!O�e��K£zK8©§�40©¤

1. O�n­È© I1 =

˚

Ω

(x + y + z)dxdydz, Ù¥Ω´d­¡ z = x2 + y2� z = 1, z = 2¤�á

N.

2. O�­�È© I2 =

˛
L

(x+ 2)2 + (z − 3)2

x2 + y2 + z2
ds, Ù¥L�­�

{
x2 + y2 + z2 = a2,

x+ y = 0
(a > 0).

3. O�­�È© I3 =

ˆ
C

(x2 + 2xy)dy, Ù¥C´þ�ý�
x2

a2
+
y2

b2
= 1 (a, b > 0, y ≥ 0), _��

��.

4. O� I4 =

ˆ 1
2

1
4

dy

ˆ √y
1
2

e
y
xdx+

ˆ 1

1
2

dy

ˆ √y
y

e
y
xdx.

5. �D = {(x, y)||x| ≤ 2, |y| ≤ 2}, O� I5 =

¨

D

|x2 + y2 − 1|dxdy.

n!(10©)é?¿ k > 0, �Ωk�
√
x2 + y2 ≤ kz�x2 + y2 + z2 ≤ 1¤�«�, PÙNÈ�Vk. ®

��3λ ∈ R¦� lim
k→0+

Vk
kλ
��ê, ¦λ��9T4�.

o!(10©)¦¼ê f(x, y, z) = x+ y + z3«�x2 + y2 ≤ z ≤ 1þ����Ú���.

Ê!£10©¤� f(x, y) =

{
(x2 + y2)e−

1
x2 , x 6= 0

0, x = 0.
?Ø f3 y¶:þ�ëY5,� �59��5.
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�È©II£1��g¤Ï¥Áòë��Y2018.5.5

�! 1. 0¶ 2.
∂z

∂x
= 2xf ′1 +yexyf ′2,

∂z

∂y
= −2yf ′1 +xexyf ′2; 3.

∂z

∂x
= −y2F

′
1

F ′2
,
∂z

∂y
=
z

y
−xyF

′
1

F ′2
;

4. x+ 2y + 3z − 6 = 0; 5. 7: (1, 1)Ú (−1,−1)?����§7: (0, 0)?Ø��4�¶

6. ÷
(1

3
,
2

3
,
2

3

)
��¶ 7. I1 =

ˆ 1

0
dy

ˆ y

0
f(x, y)dx+

ˆ 2

1
dy

ˆ √2y−y2

0
f(x, y)dx; 8.

8

3
;

9.
A2

2
; 10. 2

√
2; 11. 2π(cosβ − sinβ); 12. y2 sinx+ x2 cos y.

�!ëY!� �!Ø��. n!>�� a, b,
1

2
, NÈ�

1

2
ab. o!

8π

15
; Ê!

4

105
π.

8!-u = xy, v =
y

x
, KD′ = {(u, v)|1 ≤ u ≤ 4, 1 ≤ v ≤ 4, J(u, v) =

1

2v
, u´d��úª

˛
C

F (xy)

y
dy =

¨

D

F ′(xy)dxdy =

¨

D′

F ′(u) · 1

2v
dudv =

ˆ 4

1
f(u)du

ˆ 4

1

1

2v
dv = ln 2

ˆ 4

1
f(u)du.

�È© II (1��g)Ï¥Áòë��Y 2019.4.27

�! I1 = lim
x→0
y→0

(ex
2 − 1)(ey

3 − 1)

tan(x4 + y4)
= lim

x→0
y→0

x2y2

x4 + y4
· y = 0. (Ã¡��k.¼ê�È´Ã¡�)

2.
∂2z

∂x∂y

∣∣∣
(1,1)

= f ′1(1, 1) + f ′′11(1, 1) + f ′′12(1, 1). 3.
∂u

∂~l

∣∣∣
(1,−2,1)

=
1√
6

(
3− e−2

)
4. I2 =

ˆ 0

−1
dx

ˆ √1−x2

0
f(x, y)dy+

ˆ 1

0
dx

ˆ 1−x

0
f(x, y)dy. 5. d��úª I3 =

˜
D

dxdy = σ(D) = π.

6. I4 =

¨

D

2

1 + x2 + y2
dxdy =

ˆ π
2

−π
2

dθ

ˆ 1

0

2ρ

1 + ρ2
dρ = π ln 2.

7. �S1´¤¦­¡31�%�Ü©�¡È. dé¡5§òS1ÝK� zOx�I¡§ÝK«��D1 =

{(z, x)|0 ≤ z ≤
√

2x, 0 ≤ x ≤ 2},

S = 4

¨

D1

√
1 + (y′x)2 + (y′z)

2dzdx = 4

¨

D1

√
1 +

(1− x)2

2x− x2
dzdx = 4

ˆ 2

0
dx

ˆ √2x

0

1√
2x− x2

dz = 16.

8. ü�7: (0, 0)Ú
(
− 9

8
,
3

2

)
. (0, 0)Ø´4�:. f

(
− 9

8
,
3

2

)
= −27

16
´4��.

�!lim
x→0
y→0

f(x, y) = lim
x→0
y→0

xy tan(x+ y)

x2 + y2
= lim

x→0
y→0

xy(x+ y)

x2 + y2
(x = ρ cos θ, y = ρ sin θ)

= lim
ρ→0+

ρ cos θ sin θ(cos θ + sin θ) = 0 = f(0, 0), ¤± f(x, y)3 (0, 0)?ëY¶

f ′x(0, 0)= lim
x→0

f(x, 0)− f(0, 0)

x
= lim
x→0

0− 0

x
= 0, Ón f ′y(0, 0) = 0. � f(x, y)3 (0, 0)?� �¶

4



ω = f(x, y)− f ′x(0, 0)x− f ′y(0, 0)y = f(x, y), ρ =
√
x2 + y2, K

lim
ρ→0+

ω

ρ
= lim

x→0
y→0

xy(x+ y)

(x2 + y2)3/2
= lim

ρ→0+

ρ3 cos θ sin θ(cos θ + sin θ)

ρ3
Ø�3§� f3 (0, 0)?Ø��.

n!)µ�S�IO��N31�%��º:�I� (x, y, z),K��N�NÈV = 4xyz,Ù¥x, y, z >

0�÷v
x2

a2
+
y2

b2
+
z2

c2
= 1.

�E.�KF¼êF (x, y, z, λ) = 4xyz + λ
(x2

a2
+
y2

b2
+
z2

c2
− 1
)
,

∂F

∂x
≡ 4yz +

2x

a2
λ = 0,

∂F

∂y
≡ 4zx+

2y

b2
λ = 0,

∂F

∂z
≡ 4xy +

2z

c2
λ = 0,

∂F

∂λ
≡ x2

a2
+
y2

b2
+
z2

c2
− 1 = 0,

)����7:
(√3

3
a,

√
3

3
b,

√
3

3
c
)
. d¯K�AÛ¿

Â�NÈ�����½�3, l
��NÈ3d7:�

�§Vmax =
4
√

3

9
abc.

o!)µ-u =
x

a
, v =

y

b
, w =

z

c
, Kdxdydz = abcdudvdw, Ω′ = {(u, v, w) | u2 + v2 + w2 ≤ 1}.

I5 = a3bc

˚

Ω′

u2 dudvdw =
a3bc

3

˚

Ω′

(
u2 + v2 +w2

)
dudvdw =

a3bc

3

ˆ 2π

0
dθ

ˆ π

0
dϕ

ˆ 1

0
r4 sinϕdr =

4π

15
a3bc.

�{2µ�Ω1´Ω¥x ≥ 0�Ü©§D(x) :
y2

b2
+
z2

c2
≤ 1− x2

a2
, dé¡5§

I5 = 2

˚

Ω1

x2dxdydz = 2

ˆ a

0
x2dx

¨

D(x)

dydz = 2

ˆ a

0
πbcx2

(
1− x2

a2

)
dx =

4π

15
a3bc.

Ê!)µ�C1´C31�%��Ü©§dé¡5§k I6 = 4

ˆ
C1

z3 ds. �x = z cos θ, y = z sin θ, �

�­�C1�ëê�§ x =
√

cos(2θ) cos θ, y =
√

cos(2θ) sin θ, z =
√

cos(2θ), (0 ≤ θ ≤ π

4
), O

�� (x′(θ))2 + (y′(θ))2 + (z′(θ))2 =
1 + sin2(2θ)

cos(2θ)
. u´

I6 = 4

ˆ π
4

0

√
cos3(2θ) ·

√
1 + sin2(2θ)

cos(2θ)
dθ = 2

ˆ π
2

0
cosβ

√
1 + sin2 β dβ (Ù¥β = 2θ, sinβ = u)

= 2

ˆ 1

0

√
1 + u2du =

(
u
√

1 + u2 + ln(u+
√
u2 + 1)

)∣∣∣∣1
0

=
√

2 + ln(1 +
√

2).

8!1. 5¿�
x− y

(x+ y)3
=

(x+ y)− 2y

(x+ y)3
=

1

(x+ y)2
− 2y

(x+ y)3
,

K

ˆ
x− y

(x+ y)3
dx =

ˆ 1

0

( 1

(x+ y)2
− 2y

(x+ y)3

)
dx = − 1

x+ y
+

y

(x+ y)2
=

−x
(x+ y)2

,
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I7 = lim
ε→0+

ˆ 1

ε

−x
(x+ y)2

∣∣∣∣x=1

x=0

dy = −
ˆ 1

0

1

(1 + y)2
dy = −1

2
,

þ¡�ªfÑy4�§́ Ï�
−x

(x+ y)2

∣∣∣∣
x=0

3 y = 0Ã½Â(Ã.).

2. 5¿�
x− y

(x+ y)3
=

(−x− y) + 2x

(x+ y)3
= − 1

(x+ y)2
+

2x

(x+ y)3
,

K

ˆ
x− y

(x+ y)3
dy =

ˆ (
− 1

(x+ y)2
+

2x

(x+ y)3

)
dy =

1

x+ y
− x

(x+ y)2
=

y

(x+ y)2
,

I8 = lim
ε→0+

ˆ 1

ε

y

(x+ y)2

∣∣∣∣y=1

y=0

dx =

ˆ 1

0

1

(1 + x)2
dx =

1

2
,

þ¡�ªfÑy4�§́ Ï�
y

(x+ y)2

∣∣∣∣
y=0

3x = 0Ã½Â(Ã.).

�È© II (1��g)Ï¥Áòë��Y (2021.4.24)

�! 1. �²¡�§� (x− 2) + 2(y + 3)− (z − 1) = 0; {��§�
x− 2

1
=
y + 3

2
=
z − 1

−1
.

2. -x = ρ cos θ, y = ρ sin θ, K�ª= lim
ρ→0+

ρ3 cos θ sin θ(cos θ + sin θ)

ρ2
= 0.

3. 3
∂z

∂x
+
∂z

∂y
= 2. 4.

∂2z

∂x∂y
= f ′1 −

1

y2
f ′2 −

1

x2
f ′3 + xyf ′′11 −

x

y3
f ′′22 −

y

x3
f ′′33 +

2

xy
f ′′23.

5.
∂u

∂
−→
l

(1, 0, 2) =
9

10
√

14
.

�!1. I1 =

˚

Ω

zdxdydz =

ˆ 2

1
dz

¨

x2+y2≤z

zdxdy =

ˆ 2

1
πz2dz =

7

3
π.

2. ­�L�ëê�§�x =
a√
2

cos θ, y = − a√
2

cos θ, z = a sin θ, θ ∈ [0, 2π], K

I2 =

ˆ 2π

0

( a√
2

cos θ + 2)2 + (a sin θ − 3)2

a2

√
(x′(θ))2 + (y′(θ))2 + (z′(θ))2dθ

=

ˆ 2π

0

( a√
2

cos θ + 2)2 + (a sin θ − 3)2

a
dθ =

3πa

2
+

26π

a
.

3. �C�ëê�§�x = a cos θ, y = b sin θ, θl 0C�π. u´

I3 =

ˆ π

0
(a2 cos2 θ + 2ab cos θ sin θ)b cos θdθ =

4

3
ab2.

4. I4 =

ˆ 1

1
2

dx

ˆ x

x2

e
y
xdy =

ˆ 1

1
2

x(e− ex)dx =
3e

8
−
√

e

2
.
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5. I5 = 8

ˆ π
4

0
dθ

ˆ 1

0
(1− ρ2)ρdρ+ 8

ˆ π
4

0
dθ

ˆ 2
cos θ

1
(ρ2 − 1)ρdρ =

80

3
+ π.

n!)µ̂ ¥�I, Ω
′
k = {(r, φ, θ)|0 ≤ r ≤ 1, 0 ≤ φ ≤ arccos 1√

1+k2
, 0 ≤ θ ≤ 2π}, K

Vk =

ˆ 2π

0
dθ

ˆ arccos 1√
1+k2

0
dφ

ˆ 1

0
r2 sinφdr =

2

3
π(1− 1√

1 + k2
).


 lim
k→0+

1− 1√
1+k2

k2
=

1

2
, ¤±λ = 2, ¤¦4��

π

3
.

o!)µduf ′x = f ′y = f ′z = 1, �3«�x2 + y2 ≤ z ≤ 1SÜÃ�¦4�:.

(a) 3>.x2 + y2 = z(0 ≤ z < 1)þ, -F (x, y, z, λ1) = x+ y + z + λ1(x2 + y2 − z),

d


F ′x = 1 + 2λ1x = 0

F ′y = 1 + 2λ1y = 0

F ′z = 1− λ1 = 0

F ′λ1
= x2 + y2 − z = 0

)��¦4�:P1(−1

2
,−1

2
,
1

2
).

(b) 3>.z = 1(x2 + y2 < 1)þ, -G(x, y, z, λ2) = x+ y + z + λ2(z − 1),

duG′x = G′y = 1 6= 0, �3T>.þÃ�¦4�:.

(c) 3>.z = x2 + y2, z = 1þ§-H(x, y, z, λ3, µ3) = x+ y + z + λ3(x2 + y2 − z) + µ3(z − 1)

d



H ′x = 1 + 2λ3x = 0

H ′y = 1 + 2λ3y = 0

H ′z = 1− λ3 + µ3 = 0

H ′λ3
= x2 + y2 − z = 0

H ′µ3
= z − 1 = 0

)��¦4�:P2(−
√

2

2
,−
√

2

2
, 1), P3(

√
2

2
,

√
2

2
, 1).

¤±���=min{f(P1), f(P2), f(P3)} = −1

2
; ���=max{f(P1), f(P2), f(P3)} = 1 +

√
2.

Ê!(1) ∀y0 ∈ R, lim
x→0
y→y0

(x2 + y2)e−
1
x2 = 0 = f(0, y0), ¤± f3 y¶:þëY.

(2) f ′x(0, y0) = lim
x→0

f(x, y0)− f(0, y0)

x
= lim

x→0
(x2 + y2

0)
1
x

e
1
x2

= 0,

f ′y(0, y0) = lim
∆y→0

f(0, y0 + ∆y)− f(0, y0)

∆y
= lim

∆y→0
0 = 0, ¤± f3 y¶:þ� �.

(3) ω = f(∆x, y0 + ∆y)− f(0, y0)− f ′x(0, y0)∆x− f ′y(0, y0)∆y

= f(∆x, y0 + ∆y) = (∆x2 + (y0 + ∆y)2)e−
1

∆x2 ,

0 ≤ ω

ρ
=

(∆x2 + (y0 + ∆y)2)e−
1

∆x2

ρ
≤ ((∆x2+(y0+∆y)2))

1
ρ

e
1
ρ2

→ 0, (ρ =
√

∆x2 + ∆y2)

dY%OK�� lim
x→0

ω

ρ
= 0, ¤± f3 y¶:þ��.
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