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1. � z = ln
√

x2 + y2,¦ ∆z =
∂2z
∂x2 +

∂2z
∂y2 .

)
∂z
∂x

=
x

x2 + y2 ,
∂z
∂y

=
y

x2 + y2 ,
∂2z
∂x2 =

y2 − x2

(x2 + y2)2 ,
∂2z
∂y2 =

x2 − y2

(x2 + y2)2 , ¤±∆z = 0.

2. �¼ê z = z(x, y)d F(x − y, y − z, z − x) = 0¤(½§Ù¥ F(u, v,w)ëY��.¦
∂z
∂x

+
∂z
∂y

.

)
∂z
∂x

= −
F′x
F′z

=
F′1 − F′3
F′2 − F′3

,
∂z
∂y

= −
F′y
F′z

=
−F′1 + F′2
F′2 − F′3

, ¤±
∂z
∂x

+
∂z
∂y

= 1.

3. O��­È© I1 =

"
D

xy2 dx dy,Ù¥D´ x = 1, y2 = 4x¤�4«�.

) I1 = 2
∫ 2

0
dy

∫ 1

y2
4

xy2dx =

∫ 2

0

(
y2 −

y6

16

)
dy =

32
21

.

4. O�\gÈ© I2 =

∫ 1

0
dy

∫ 1

3√y

√
1 − x4 dx.

) I2 =

∫ 1

0
dx

∫ x3

0

√
1 − x4dy =

∫ 1

0
x3

√
1 − x4dx = −

(1 − x4)
3
2

6

∣∣∣∣∣1
0

=
1
6
.

5. O�n­È© I3 =

$
Ω

x dx dy dz,Ù¥Ω � z = 0 � y + z = 1, y = x2¤���m«�.

) È©«�'u x = 0é¡§�È¼ê'u x´Û¼ê§¤± I3 = 0.

6. O�n­È© I4 =

$
Ω

(x + y + z)2 dx dy dz,Ù¥Ω �¥N x2 + y2 + z2 ≤ z.

) dé¡5,
$

Ω

(2xy + 2xz + 2yz) dx dy dz = 0,

I4 =

$
Ω

(x2 + y2 + z2) dx dy dz (x = r sinϕ cos θ, y = r sinϕ sin θ, z = r cosϕ)

=

∫ 2π

0
dθ

∫ π
2

0
dϕ

∫ cosϕ

0
r2 · r2 sinϕdϕ =

π

15
.

7. O�­�È© I5 =

∮
C

x
√

x2 + y2ds,Ù¥C : x2 + y2 = 2x.

) ­�C�ëê�§� x = 2 cos2 θ, y = 2 cos θ sin θ, (−
π

2
≤ θ ≤

π

2
),KI5 =

∫ π/2

−π/2
8 cos3 θdθ =

32
3
.

8. O�­�È© I6 =

∫
C

y2 dx + xy dy + zx dz,Ù¥C�lO(0, 0, 0)Ñu§²L A(1, 0, 0), B(1, 1, 0)

�D(1, 1, 1)�ò�ã.

1



)µI6 =

∫
OA+AB+BD

y2 dx + xy dy + zx dz = 0 +

∫ 1

0
y dy +

∫ 1

0
z dz = 1.

�!O�e��K£8©×5 = 40©¤

1. ¦¼ê u =
z√

x2 + y2
3: P(3, 4, 5)?÷­�

 2x2 + 2y2 − z2 = 25,
x2 + y2 = z2 3T:��������

�ê.

) P F = 2x2 + 2y2 − z2 − 25,H = x2 + y2 − z2,K��þ�

−→n =

(D(F,H)
D(y, z)

,
D(F,H)
D(z, x)

,
D(F,H)
D(x, y)

)∣∣∣∣∣∣
(3,4,5)

=

(∣∣∣∣∣ 4y −2z
2y −2z

∣∣∣∣∣, ∣∣∣∣∣ −2z 4x
−2z 2x

∣∣∣∣∣, ∣∣∣∣∣ 4x 4y
2x 2y

∣∣∣∣∣)
∣∣∣∣∣∣
(3,4,5)

= (−4yz, 4xz, 0)
∣∣∣∣∣
(3,4,5)

= (−80, 60, 0) = 100
(
−

4
5
,

3
5
, 0

)
,

u′x(3, 4, 5) =
−xz

(x2 + y2)
√

x2 + y2

∣∣∣∣∣∣
(3,4,5)

= −
3
25
, u′y(3, 4, 5) =

−yz

(x2 + y2)
√

x2 + y2

∣∣∣∣∣∣
(3,4,5)

= −
4
25
,

u′z(3, 4, 5) =
1√

x2 + y2

∣∣∣∣∣∣
(3,4,5)

=
1
5

, ¤±¤¦���ê� (−
3
25

) × (−
4
5

) −
4
25
×

3
5

+
1
5
× 0 = 0.

2. |^.�KF¦ê{O�ý�± 5x2 + 8xy + 5y2 = 9þ�:��I�:�m��CÚ��ål"

) ¯K=z�¦ d2 = x2 + y2÷v�å^� 5x2 + 8xy + 5y2 − 9������.

F(x, y, λ) = x2 + y2 + λ(5x2 + 8xy + 5y2 − 9),
F′x = 2x + 10λx + 8λy = 0,
F′y = 2y + 8λx + 10λy = 0,
F′λ = 5x2 + 8xy + 5y2 − 9 = 0,

�7:±
( 3
√

2
,−

3
√

2
,
)
, ±

( 1
√

2
,

1
√

2

)
.

²O�§ý�±þ�:±
( 1
√

2
,

1
√

2

)
��I�:ål�C§�Cål�1¶ý�±þ:±

( 3
√

2
,−

3
√

2

)
?

��I�:ål��§��ål� 3 .

3. �Ω´d z = x2 + 3y2� z = 8 − x2 − y2¤�áN,¦Ω�NÈV .

) ü­¡ z = x2 + 3y2� z = 8− x2 − y2���3 xOy²¡þ�ÝK�
x2

4
+

y2

2
= 1,d­�¤�

«�P�D,K

V =

"
D

(
(8−x2−y2)−(x2+3y2)

)
dxdy = 2

"
D

(4−x2−2y2)dxdy (x = 2ρ cos θ, y =
√

2ρ sin θ, J = 2
√

2ρ)

= 2
∫ 2π

0
dθ

∫ 1

0
8
√

2ρ(1 − ρ2)dρ = 8
√

2π.

4. ¦�Î¡ x2 + y2 = 2y�­¡ z2 = 2y¤�Ü©�¡È.

) �¤¦­¡31�%�Ü©�¡È� S 1,Ù�§� x =
√

2y − y2, (y, z) ∈ D,
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D = {(y, z) | 0 ≤ z ≤
√

2y, 0 ≤ y ≤ 2}. x′y =
1 − y√
2y − y2

, x′z = 0,

S = 4S 1 = 4
"

D

√
1 + (x′y)2 + (x′z)2 dxdy = 4

∫ 2

0
dy

∫ √2y

0

1√
2y − y2

dz = 4
∫ 2

0

√
2√

2 − y
dy = 16.

5. O�­�È© I7 =

∫
C

cos(x + y2)dx +
(
2y cos(x + y2)−

√
1 + y4)dy,Ù¥C� x = a(t − sin t), y =

a(1 − cos t)þlO(0, 0)� A(2πa, 0)��ãl.

) P P = cos(x + y2),Q = 2y cos(x + y2) −
√

1 + y4,K
∂Q
∂y

=
∂P
∂x

= −2y sin(x + y2),¤±È©�

´»Ã',�OA : y = 0, (0 ≤ x ≤ 2πa), I7 =

∫
OA

Pdx + Qdy =

∫ 2πa

0
cos x dx = sin(2πa).

n!£10©¤�¼ê u = f (x, y, z)këY��� �ê§q¼ê y = y(x)9 z = z(x)©Ode�üª

(½µexy − xy = 2, ex =

∫ x−z

0

sin t
t

dt, ¦
du
dx

.

)
du
dx

= f ′x + f ′y
dy
dx

+ f ′z
dz
dx

. � F(x, y) = exy − xy − 2, G(x, z) = ex −

∫ x−z

0

sin t
t

dt, K

dy
dx

= −
F′x
F′y

= −
yexy − y
xexy − x

= −
y
x
,

dz
dx
−

G′x
G′z

= −
ex −

sin(x−z)
x−z

sin(x−z)
x−z

= 1 −
(x − z)ex

sin(x − z)
,

¤±
du
dx

= f ′x −
y
x

f ′y +
(
1 −

(x − z)ex

sin(x − z)

)
f ′z .

o!£10©¤¼ê f (x)ëY��� f (0) = 1. eÈ©∫ A

O

[1
2
(
x − f (x)

)
y2 +

1
3

f (x)y3 + x ln(1 + x2)
]
dx +

[
f (x)y2 − f (x)y +

x2y
2

+
sin y

1 + cos2 y

]
dy

�´»Ã'§Ù¥O(0, 0)±9A(1, 1)�ü��½:. ¦ f (x)±9dÈ©�"

)µ��Bå�§-

P(x, y) =
1
2
(
x − f (x)

)
y2 +

1
3

f (x)y3 + x ln(1 + x2), Q(x, y) = f (x)y2 − f (x)y +
x2y
2

+
sin y

1 + cos2 y
.

duÈ©�´»Ã'§Kk
∂P
∂y

=
∂Q
∂x
§=[x − f (x)]y + f (x)y2 = f ′(x)y2 + [x − f ′(x)]y. l


k f (x) = f ′(x)§5¿ f (0) = 1§K f (x) = ex. ÀJB(1, 0)§k∫ A

O
Pdx + Qdy =

( ∫
OB

+

∫
BA

)
Pdx + Qdy.∫

OB
Pdx + Qdy =

∫ 1

0
x ln(1 + x2)dx = ln 2 −

1
2
,∫

BA
Pdx + Qdy =

∫ 1

0

[
e(y2 − y) +

y
2

+
sin y

1 + cos2 y

]
dy =

1 + π

4
−

e
6
− arctan(cos 1).

¤±§�È©�� ln 2 +
π − 1

4
−

e
6
− arctan(cos 1).
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